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Abstract. This paper examines the old question of the relationship between ISWIM and the 
A-calcuIus, using the distinction between call-by-value and call-by-name. It is held that the re- 
lationship should be mediated by a standardisation theorem. Since this leads to difficulties, 
a new A-calcitfus is introduced whose standardisation theorem gives a good correspondence 
with ISWIM a > given by the SECD machine, but without the letrec feature. Next a call-by-name 
variant of ISWIM is introduced which i\ in an analogous correspende ice with the usual A-calculus. 
The relation between call-by-value and call-by-name is then studied by giving simulations of each 
language by the other and interpretations of each calculus in the other. These are obtained as 
another application of the continuation technique. Some emphasis is placed throughout on the 
notion of operational equality (or contextual equality). If terms can be proved equal in a calculus 
they are operationally equal in the corresponding language. Unfortanatel/, operational equality 
is not preserved by either of the simulations. 

1. Introduction 

Our intention is to study cail-by-value and call-by-name in the setting of the lambda- 
calculus which was first used to explicate programming language features by L&n- 
din [5, 6, 7]. To this end, for each calling mechanism we set up a programming lan- 
guage and a fonral calculus and then show how each determines the other. After 
that we give simulations of the call-by-value programming language by the call-by- 
name one and vice versa — this also provides interpretations of each calculus in 
the other one. 

If the terms of the A-calculus (we have in mind the XK-$ calculus for the moment) 
are regarded as rules, with a reduction relation showing how they may be carried 
out and indeed with a normal order reduction sequence capturing, in deterministic 
fashion, all possible norma! forms, then we have already pretty well determined 
a programming language. 

On the other hand, the language can be regarded as giving true equations between 
programs (= terms of the calculus). Informally, one program equals another, oper- 
ationally, if it can be substituted for the other in all contexts without "changing 
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the results'* (cf. [9, 17]). From this point of view a calculus can be correct with 
lespect to the programming language. 

As primary example of a A-calculus based programming language we consider 
ISWIM [5, '/],, without the recursion operator or any syntactic sugar. It has an 
operational semantics which is given by the SECD machine. As primary example 
of a calculus, take the XK-05 calculus [2] (the d-rules make the comparison easier). 

Unforftunately, the two are hardly in accord. 

(1) Sometimes the SECD machine stops when it should either go on to give a nor- 
mal form or should r ot terminate, according to normal order reduction. This is be- 
cause ISWIM does not simplify procedure bodies. 

(2) Sometimes the SECD machine never stops when, according to normal order 
reduction, it ought to. This is because ISWIM calls its arguments by value. 

So one has to look for other programming language/calculus pairs. Wegner [19] 
gives a machine which gives a language corresponding to normal order reduction 
for the AX-P calculus, regarding (1) and (2) as bad points of the SECD machine. 
McGowan [8] gives a call-by-value machine and a corresponding altered normal 
order reduction sequence (where value = normal form); thus regarding (1) as a bad 
point of the SECD machine, but accepting (2). However he does not give a call- 
by-value calculus. 

Our intention is to study programming mechanisms and so we accept the SECD 
machine and look for the corresponding calculus — called X v in the text. The notion 
of value is changed to that induced by the SECD machine, and a normal order 
reduction sequence theorem is given, which establishes a good correspondence 
between X v and ISWIM. In this way we hope to have shown that ISWIM is more 
than a specification of some characterless reduction sequence. Rather, as well as 
being computationally natural, it gives rise to an interesting calculus. Its correspond- 
ence with this calculus 'shows it to be less order of reduction dependent than its 
definition shows. 

To study call-by-name, we define a call-by-name ISWIM, corresponding iO a certain 
modification of the SECD machine, which keeps the above notion of value, and show 
that the usual XK-ftS calculus can be regarded as the call-by-name calculus. This 
substantiates folklore. 

In both cases the calculi are seen to be correct from the point of view of the pro- 
gramming languages. 

Finally, as mentioned above, we give simulations of call-by-value by call-by-name 
and vice versa. These use the continuation technique as developed in [3, 10, 12, 15]. 
It turns out that the simulations also give interpretations of each formal system in 
the other one, but unfortunately they do not preserve operational equality. 

From a practical point of view, one can, using X v , look for optimal or improved 
evaluation mechanisms as in [17]. See also [16] for similar work on McCarthy systems 
of recursive definitions. 

In a future paper we will discuss the relation between the evaluation mechanisms 
considered here and some denotational semantics in the style of Scott and Strachey [14]. 
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2, Technical preliminaries* 

The set of A-calculus terms is determined by a set of variables x, y 9 z ? a disjoint 
set of constants a 9 b 9 ... and improper symbols, A, ( ,anc! ). 
It is defined inductively by: 

(1) Any variable Is a term. 

(2) Any constant is a term. 

(3) If x is a variable and M is a term then (AxAf) is a term. 

(4) If M and N are terms, so is (MN). 

A term of the form (XxM) is an abstraction; one of the form (MN) is a combination. 
A term is a value iff it is not a combination. In general the set of variables will be 
infinite, although the set of constants need not be. The set of variables is called 
Variables. Similar conventions are used throughout. We will also use variables and 
constants as metavariables ranging over variables and constants respectively. 
M = N means that M and N are identical terms. We say that M t is in position i 
in (M x M 2 )(i« 1,2). 

If if is a term, it has a set FV(M) of free variables and a set BV(M) of bound 
variables. These are defined inductively by: 

(1) FV(x) = {x}; FV((MN)) = FV(Af) u FV(N); FV((XxM)) = FV(M)\{x). 

(2) BV(x) = 0; BV((MN)) = BV(M) u B V (N) ; B V ((XxM)) = BV{M) u {x}. 

A term is closed iff FV(M) = 0, otherwise it is open. The size \M\ of a term is 
defined inductively by: 

|x| = !a| = l; \{kcM)\ = \M\ + \\ \{MN)\ = \M\ + \N\. 

Given an infinite list x l9 ... of distinct variables, the substitution prefix is defined 
inductively by 

[M/x]x==AT; iMjxliy = y(\fx*y); 
[M/x] a — a; 

[M/x] (AW) - ([M/x] N [M/x] JV); 

[M/x] (XxN) - (Axtf); [M/x] (AyiV) = Xz [M/x] [z/y] tf, if x # y 9 
where r is the variable defined by: 

(1) If x $ F7(N) c r j> £ FV(M) then z = j>. 

(2) Otherwise, z is the first variable in the list x t , x 2 , ... such that z $ 
FV(N)u FV(M). 

That this is a good definition is shown in [2] where ether properties of the sub- 
stitution prefix can be found. 
The relation, = a , of alphabetic equivalence, is defined inductively by: 

(1) x = a x and a = a a. 

(2) If M — a M' and N = a AT then (MN) - e (M'A'). 

(3) If M = tf [x/j>] A/', where either x = j>orx£ FV(M') then (AxM) = a (AyM')* 
In general we will only be interested in proving teims alphabetically equivalent. 

For this reason it does not matter which set of variables is used when defining terms 



128 



G. D. PLOTKIN 



or which list when defining the substitution piefix. However on occasion it will 
be convenient to specify these more fully and prove syntactic equality; this will 
not result in any loss of generality. 

In Section 3, nil will be used for the empty sequence and : for concatenation. 
Given a set X t X* is the set of sequences of members of X. 

Given sets X and Y, (X £ Y) is the set of partial functions from X to Y. If /e 

{X-* Y), Dom if) is its domain, that is Dom (/) = {xe X\(x>y> e/, for some 
ye Y). Expressions using partial functions are defined iff the functions are defined 
at the indicated arguments. They are equal (=) iff they are both undefined, or are 
both denned and have the same value. They are alphabetically equivalent (= ^ 
under similar conditions. 

Given a relation -+ (usually using an infix notation), -+ is its nth power (n > 0), -> 

* 

is its transitive closure, and -*■ is its transitive reflexive closure. 

Occasionally we shall prove something by "lexicographic induction" on, say, 
a pair <m,«> of integer indices. The ordering < used is this: <m, «> < <m', n'} 
Mm < m' or else m — m' and n < n'. Such proofs can be replaced by nested ordinary 
inductions. 

3. ISWIM 

We are going to define ISWIM without letrec, without any syntactic sugar and with- 
out any imperative features. Abstract syntax will also be ignored. Its set of programs 
b just the set of closed terms, as defined in Section 2, given some infinite set of 
variables and a set of constants. 

Example. The constants are A a (n & 0), Succ, Pred, and Zero. The variables are, 

ssy* x i> x 2> •••• 

To complete the definition of the programming language, we will specify the 

evaluation function Eval,,: Programs Programs. This is defined relative to an 
interpretation of the constants, given by a function: 

Constapply: Constants x Constants £ Closed Values. 
Constapply will give the <5-rules for X v , and it is for this reason that we do not take 

Constapply in Constants x Closed Values Closed Values, as does Landin, since 
this would not iead to 5-rule«, in the sense of Curry [2]. From a practical point of 
view this seems to lose few possibilities. By making a few alterations we could have 
allowed the range of Constapply to be Closed Terms. 

* An important special case is when Constants is a disjoint union of functional 
constants, ^-Constants, and basic constants, ^-Constants, and Constapply can be 

regarded as being in ^-Constants x 93-Constants 4 Closed Values. 
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Example, (contd.) With the constants and variables as above, set ^-Constants 
{Succ, Pred, Zero} and 93-Constants — {A„j/i > 0} and define Constapply by: 

Constapply (Succ, A„) « A B+1 , 
Constapply (Pred, A„ +1 ) « A„, 
Constapply (Zero, A 0 ) = [foe (Xyx)) and 
Constapply (Zero, A n+1 ) = (AxOy;>)) (/i > 0). 

The crucial definition of Eval K now requires the SECD machine. It should be 
remarked that this is too tedious to work with directly and so we will give an equiv- 
alent definition of EvaJ K immediately afterwards, prove it equivalent and from then 
on use only the simpler one. 

The SECD machine is given by a set, Dumps, of states and a transition function =>. 
Eva\ P (M) is obtained by loading M with a function Load: Programs -* Dumps, 
runiMing the machine till it stops and unloading it with a partial function Unload: 
Dumps -* Programs. 

Dumps is specified via definitions of the sets: Closures, Environments, Control- 
strings, and Stacks. 

Closures and Environments are defined inductively by: 

(1) If x u x n are distinct variables and Cl| (i = 1, n) are closures, {<x f , Cl i >| 
i = is in Environments (n ^ 0). 

(2) If E is an environment and M is a term such that FV(M) £ Dom (E\ then 
<Af, Ey is a closure. 

Our definition differs in a few ways from that of Landin. The main difference is 
that in (2) we allow M to be any term, rather than just a A-expression; closures of the 
form <a, 0> will perform for us the function the corresponding constants do for 
Landin and the other possibilities allow call-by-name versions of the SECD machine. 

E {CI/*} is the unique environment E' such that E f (y) = E(y\ if y # x and 
E'(x) = CI (CI € Closures). 

The function Real: Closures -> Terms is defined inductive!/ by: 

Real «M, 2T» - [Real (^(xx))/^] ... [Real (E (jc w ))/x n ] Af, 

where 

FV(M) = {x,,.. .,*„}. 

It gives the term * represented" ' a closure, and will be used to define Unload. 
Now, Controlstrtegs = (Terms i {ap})*, where ap $ Terms, and Stacks — Clo- 
sures*. 

The function FV is extended to ControJst rings by: 

FV(ap) = 0; FV(C t : ...: C n ) - l JFV(Cd (n > 0). 

Finally, Dumps is defined inductively by: 

(1) nil is a dump. 

(2) If S is a stack, E an environment, C a control, string such that FV(Q £ 
Dom (£), and D is a dump then E 9 C, D> is a dump 
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The transition function =>, in Dumps -* Dumps is denned by: 

(1) <C!: S, E, nil, <S', E\ C, D'» <C1: S', £', C, 2>'>, 

(2) <S, /; x: C, 2>> => <£(*): 5, £, C, Z)>, 

(3) <-S, E, a: C, D> => ««, 0> : 5, £, C, D>, 

(4) <3, JS, (XxM): C, D> =*» «(;UAf), E>: S, E, C, D>, 

(5) «(JUAf), £'>: CI: 5, i; */>: C, i>> => <nil, £'{Cl/x}, Af, <S, C, 2>», 

(6) «a, JT> : £"> : 5, E, ap: C, />> => «Constapply (a, ft), 0> : S y E, C, 2)>, 

(7) <S, £, (AfJV): C, D> =*> <S, £, JV: Af: ap:C, D>. 
Now Load and Unload are defined by: 

Load (M) - <nil, 0, Af, nil) 
Unload «C1, 0, nil, nil» » Real (CI). 
The evaluation function can now be defined by: 

Eval K (M) = N iff Load (Af) 4 Z>, and JV = Unload (D) for some dump D. 

Example, (contd.) One can now easily define all partial recursive functions. As 
recursion operator one should not use Y — y , (Qocf(xx))Qjcf( t xx))) i bvLt rather. 
Z = 7/(£kxf(Xzxxz)) (XxfQzxxz))), [11, 19]. The point is that Eval„(7Af) is always 
undefined — as can be shown using Theorem 1 — and Z is designed to avoid this 
difficulty as the reader will find if he tries, say, to define addition. 

In the light of Section 6, it seems quite possible that ISWIM with letrec can be 
translated into ISWIM without letrec. 
As remarked above, this definition of Eval r is rather too clumsy to work with 

p 

directly and we prefer to uso a function eval K : Programs ->• Programs with a simple 
recursive definition, which uses substitution rather than closures. This has the in- 
formal definition: 

eval v (a) - a; eval v (AxAf) = XxM 

_ J evaWpV'/x] AT) (if evaI„(Af) = (XxM') and eval v (JV) = JV') 
eva „( ) - ^ Constapply ^ b) ( if evalF ( M) = a and eval v (JV) = b) 

Formally, we define the predicate "Af has value JV at time t n by induction on /, 
for closed terms M and JV. 

(1) a has value a at time 1; (XxM) has value (XxM) at time 1. 

(2) If Af has value (XxM') at time r, JV has value JV' at time t' and [JV/x] Af' has 
value L at time r", then (AfJV) has value L at time t+t'+t" + l. 

(3) If Af has value a at time t and JV has value b at time t ' then, if Constapply (a, b) 
is defined, (MN) has value Constapply (a, b) at time r+r'+l. 

One then sees that if Af has values TV, JV' at time t, t' then JV = JV' and t - t\ 
Consequently this is a good definition of a partial function: 

eva\y(M) = N iff M has value JV at some time. 
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The t in the above definition will give a good handle for inductive proofs. Clearly, 
if M = a Af', then eval F (Af) has value N at time t iff for some N' — a ]f 9 M' has 

value N 9 at time t. 

it is also clear, from this definition, that, if eval F (M} exists it is a closed value, 
which justifies our value terminology, givea the naturalness of including open values 
m jng the set of values. 

The next theorem states that eval K and Eva l v are the same functions to within 
alphabetic equivalence. 

Theorem 1. For any program Af, Eval r (A/) = a eval F (Af). 

This theorem justifies our making (after we have proved it) the mathematically 
convenient decision to take the definition of eval v as the definition also of Eval K , 
rather than the one via the SECD machine. Results asserted later for this definition 
will then also hold for the one using the SECD machine to within alphabetic equi- 
valence which is all that really matters. 

The proof of Theorem 1 requires three lemmas. 

The notions of a value closure and value environment are defined inductively by: 

(1) A closure <Af, E} is a value closure iff M is an abstraction or a constant, 

and E is a value environment. 

(2) An environment, E s h a. value environment, iff for every variable, x 9 in Dom (E) 9 
E(x) is a value closure. 

Value closures correspond fairly closely to Landings closures. 

Lemma 1. Suppose (XyM 9 E} and £'•> are value closures, Real (QyM 9 £» 
- . (XxM')andTleal f<JV, E'» = . N'. Thm Real «M, E {(K E'y/y}}) = fi iN'/x] AT. 

We omit the straightforward proof of this lemma. 

Lemma 2. Suppose Eis a value environment and <M, 2?> is a closure and Af" is the 
value o/Real « M, E}) at time t. Then, for all S 9 E 9 C and D, with FV (C) £ Dom (£) 
and some t 9 £ t 9 <S, E 9 M: C, D> X «Af £'>: S 9 E 9 C 9 D> where <Af', £'> is 
a value closure and Real «M', £'» = , Af". 

Proof. By induction on f. 
Case t. Af is a constant. Here 

Real «M, E» = Af = A/" ai/ f = 1. 

As 

<£, £, Af: C, D> «M, 0> : 5, E, C, D> 
we can take <A/', £"> = <Af, 0> and f' - 1. 

Case 2. Af is an abstraction. Here 

AT" - Real «Af, £» and f = 1. 
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As 

<S, E, M : C, 2>> =* «M, £> : S, £, C, D> 
we can take <Af',£'> « <M,2?> and *' « 1. 

d» 3. M is a variable. Here 

M" = RealCE(M)) and / = 1. 

As 

<£, £, M: C, D> => <£CM): S, E, C, Z>> 
we can take <M £'> = J?(M) and = 1. 

Case 4. M = (Mi M 2 ) is a combination. Then 

Real «M, £» = Real «M it E}) Real «M 2 , £» = N t N 2 say. 

Subcase 1. (Axtf 3 ) is the value of AT, at time t lt A* is the value of N 2 at time f 2 , AT" 
is the value of {N^lx]N 3 at time f 3 and r «■ ti+t 2 +t 3 +l. 
Then by induction hypothesis there aie t[ > t % (i =1,2) such that 

<5, E, {M t M 2 ): C, D> => <S, £, M 2 : Af t : a/>: C, D> 

: S, E, M x \ap\ C, />> 
M<M[, Ely. iMl E' 2 y. S, E, ap: C, Z>>, 

where 

Real «M;\ El}) = « AxJST 3 and Real «M 2 , £ 2 » = „ tf 4 , 

and the (M' u Ely are value closures. 
Here M[ = XyMi for some Af 3 , and 

Real «M 3 , £J {<Af 2 , ££>M» - . \NJx\ 7ST 3 (Lemma 1). 

Now, 

«Mi, E[>: <M 2 , E 2 >: S, E, ap: C, D> => <nil, E[ {<M 2 , E 2 >/v}, 

M 3 , <S, 2?, C, 2>» 

i«M', £'>, {<M 2 , £ 2 >/x}, 

nil, <S, 2?, C, 2»> 

=><<AT,£'>:S,i?,C,Z>>> 

where, by the induction hypothesis, Real «M\ £'» is to within alphabetic equi- 
valence the value of Real «M 3 , E[ «M 2 , £ 2 >M» at time f 3 < f 3 and <M\ £'> 

is a value closure. Taking V - t[+t 2 +t 3 +3 concludes this subcase. 

Subcase 2. o is the value of N t at time f lf b is the value of N 2 at time ? 2 > and Con. 
stapply (a, 6) - M" and ? =* f t + t z 1. 
By induction hypothesis there are // ^ t t 0 =1, 2) and value environments 
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E[ (i = 1, 2) such that 

<S, £, (M x M 2 ): C, D> => <S, £, M 2 : M, : ap: C, i>> 

=*•«&, ^2> : S, E, M t : ap: C, D> 

^<a, ^f>: <*, £ 2 >: 5, E, ap: C, i>> 
=>«M",0>:S,£,C,D> 
and taking t' = *l+f£+2 and <M',£'> = <M",0> concludes the proof. 

If D 4 D' where D' does not have the form <CI, 0, nil, nil) and D' & D" for 
aay 2>", then D is said to Aft an error state (viz. D'). 

Lemma 3. Suppose E is a value environment and <M, £> is a closure. I/Rem «M, E» 
has no value at any f' < f , then either for all S, C, i\ with FV (C) £ Dom (£) <5, £, M: 
C, J)> Afts an error state or else <S, E, M: C, i>> =*• i)' /or some D\ (/ > 1). 

Proof. By induction on t. For r = 1, the result is obvious. Otherwise, Real «M, £», 

and so M, must be a combination, (M t Af 2 ), say. 

Then 

<S, £, (MjM 2 ): C, i>> => <S, J?, M 2 :M t :ap: C, D>. 

If Real «M 2 , £» lias no value at any time < (/- 1), the result follows by applying 
the induction hypothesis to <Af 2 , £>. 

Otherwise, suppose M 2 is the value of Real (<M ;! , £» at time r 2 < (t-l). By 
Lemma 1, 

<S, £, M 2 :M x :ap: C, D> ^ «M 2 , £ 2 > : 5, £, M t : up: C, i>> 

where f 2 > r 2 , <M 2 , £ 2 > is a value closure, and Real (<Mi, £ 2 » - a M 2 . If r 2 5s 
0-1) we are finished and so we may suppose thai: r 2 < (t-l). 

If Real ((Mi, £» has no value at any time < (t—l~t' 2 ) the result follows by 
applying the induction hypothesis to <M lt £>. 

Otherwise, suppose Mi' is the value of Real «M t , £» at time ^ (i -\-t' 2 ). 
By Lemma 1, 

«M 2 , £ 2 >: 5, £, M x :ap: C, D} => «A/J, £J>: <M 2 , £ 2 >: S, £, cp: C, £>, 

where > f lf <Mi, £i> is a value closure and Real «MJ, £J» - a M'/. If ^ 
^ (r- 1 — 1' 2 ) we are finished and so we may suppose that t[ < (t—l - t' z ). The argu- 
ment now splits into three cases. 
Case 1. Mi = [XxM 3 ). 
Now, 

«A*Af 3 , £i>: <M 2 , E' 2 y: S, £, ap: C, Z>> => 

<nil, £,' «M 2 , E' 2 }Jx}, M 3 , <S, £, C, £>». 

If i == (*i+r 2 +2) we are finished. 
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Supposing otherwise and letting E' 3 « E[ {(M 2 , E 2 ;lx}, if Real «Af^ E' 3 y) has 
no value at any time < (t-t' t -t 2 —2), the result follows from the induction hypo- 
thesis. Otherwise, if it has a value at such a time, that value must be to within alpha- 
betic equivalence the value of Real f<M, E)) (as in the proof of Lemma 2), which 
therefore has a value at time t 2 +t t +t 3 +2 < f2+*i+(*-*i-*t-2)+2 » t con- 
tradicting the original assumption. 

Case 2. M[ and M' 2 are constants and Constapply (M' u M 2 ) is defined. Here 
ReaJ«Af,£» has a value a time t x +t 2 +2 < (t[+t 2 +2) < f, contradicting the 
original assumption. 

Case 3. For all other possibilities for M[ and M 2 an error stop occurs. 

Proof of Theorem 1. Suppose eval K (M) = M". Then, at some time t, M" is the 
value of M at time /. By Lemma 2, 

<nil, 0, M, nil) £ «M', £'>, 0, nil, nil), 

where Real (<M',jr» = a M". So EvaUM) = a M". 

Suppose, on the other hand, that M has no value at any time. Then by Lemma 3, 
either <ioiil, 0, M, nil> hits an error state or else for every t there is a D such that 

<nil, 0, M f nil> => D. In either case Eva\ v (M) is also not defined, concluding the 
proof. 



4. The A v calculus 

A suitable A v calculus is obtained by simply restricting the p ml in the AK-p5 cal- 
culus induced by Constapply. Explicitly the A v calculus has foi. lulae of the form 
M = N where M and N aro arms. Given a function Constapply, its rules are as 
follows: 

II. {AxM) = (Ay [y/x] M)(y$ FV*[M)). (a-rule) 

2. (AxM) N = [Nix] M{ifN is a value). (0-rule) 

3. (ab) = Constapply (a, b) fif this is defined). (5-rule) 

III. M = N 

M^N N=L 
" M — L 

1 M=sN 
" N - M 

IIU M — N M ~ N 

' "MZ = NZ* ZM=* ZN 

2, M = N 
AxM — AxH 
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Xv V M = N means that M = N is provable by the above rules. 

X v V ££> N means that M = N is provable by the above rules without usLig 113. 

In [4] Goodman develops what seems to be the corresponding call-by-value 
combiir tory logic. 
First we develop some elementary theory for the X v calculus. 

Theorem 1. If X v b M = N and L is a value then X v r [L/jc] M = [£/*] N. 

Proof. By induction on the number of steps in the proof of M = N. The proof 
splits into cases according to the last rule used in the proof of M = N 9 and is similar 
to the proof of Theorem 3 in § 3.E of [2]. 

The supposition that Lis a value is necessary. For example, if L = (Xxxx) (Ajotx), 
M = {Xx (Xxx)) (x) and N = {Xxx) then X v h M = N 9 by a /j-reduction, but it is 
not the case that X v 1- [L/x] M = \Ljx\ N 9 as can be seen from the Charch-Rosser 
theorem (to be proved) as \Ljx\ M can reduce only to an (^equivalent term and 
[L/x] N = N is in X v normal form (i. e. has no call-by-value /?-rede\ or <5-redex 
(see below)) and is not a-equivalent to [L/x] M. So free variables should be thought 
of as ranging over values and not arbitrary terms; in a model one would expect 
that they would be interpreted as being universally quantified over a restricted 
domain. 

Theorem 2. (Church-Rosser theorem). If X v V M t (i = 2, 3) then for some \f 4 , 
X y h M t > M 4 y = 2,3). 

Proof. The main tool is the parallel reduction relation, 5* t , defined below. It is 
easily shown that X v h M ^ N iff there are N u JV. such that M — i\r t , A£ 1- 
iVi ^ iA r <+i (1 < i < (n~l)) and iVn ~ a JV. Then using Lemma 5, a straight- 
forward case analysis proves that if M t ^ x M t (i ~ 1, 2) then for some Af 4 , M 5 , 
■A/ 2 > iA^4 5 Af 3 ^ iifs and Af 4 = a M 5 . Then the theorem, follows by a simple 
induction. This is the method of Tait [1]. Tie details are both routine and omitted. 

As usual this theorem *ias the consequenc e that X v h M = Ni$ there is a Z such 
that X v h M ^ Z and X v f- N Z. A call-by-value normal form is a term v/ith 
no call-by-value j3-redex and no 6-rede>; ? where such a jS-redex is a term of the 
form (XxM) N, with N a value and a 5-redex is a term of the form ( ab) with Conste.pply 
(a, b) defined. It is easy to see that if X v V M ^ A T and M is in call-by-value ncrmal 
form then M = a N. 

Alterations to X v generally result in the Church-Rosser theorem failing. This 
happens if, for example, one changes the definition of value to normal form, in 
the usual XK-pd sense, as would be natv ral with the kind of reduction sequence 
used by McGowan [8], Then the the lemma analogous to Lemma 5 below fails 
as the property of having a normal form is not preserved under substitution. For 
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a counterexample to the Oiurch-Rosser theorem take M x — (Ax (Ayz) (x (Axxx))) 
{Xxxx) t M 2 - z and M 3 = (Xyz) ((Xxxx) (Xxxx)). 

Similarly if an if rule is added the theorem fails as the rule does not preserve 
the property of being a value and so the appropriate version of Lemma 5 does not 
hold. A counterexample to the Church-Rosser theorem is given by taking M t = 
— (tey) (Ax ((Xxxx) (Xxxx)) x\ M 2 — y and M z « (Axy) ((Xxxx) (Xxxx)). 

Next comes our analogue of the Curry standardisation theorem. This gives a normal 

order reduction sequence and ties in with Eval K . To this end, definitions of left 

reduction, parallel reduction and standard reduction sequences (s.r. sequences) 

are needed. Our proof will avoid explicit mention of redexes. 

Left reduction, -* is the least relation between terms such that : 
v 

1. (AxM) N -» IN fx"] M, (when N is a value). 

2. (ab) -* Constapply (a, b) (when defined). 

3. If M -* M' then (MN)-* (M'N). 

4. If M-* M' then (NM)~+ (NAT), when N is a value. 

Note that ~* is a partial function and if M -+ N then M is not a value. Informally 
if M N then N is gotten from M by reducing the leftmost redex, not in the scope 
of a A. 



Leaima 1. If M ~ K M' -+ N', then there is an N such that M ■-> N - . N'. 

V v 

We omit the proof, which is quite straightforward. 

To define parallel reduction, we use a little formal system, whose formulae have 
the form M ^ t N, where M and N are terms and whose rules are: 

II M > X M' N > t JT (if N is a value) 

" (AxM)N> Wlx-jM' 

2. (ab) > t Constapply (a, b) (when defined) 

III. M > X M 

2 _M> X M' 



(XxM) > x (AxM') 

M> M'N> .JjT 
(MN) > i(M T N') 



Ay V M ^ X N means that M > X N can be proved using the above rules; when 

no confusion arises we just write M > X N instead. 

We introduce a size measure on proofs, corresponding to the "implicit" number 
■of £ and 5 reductions. The definition is by induction on the evident "number of proof 
steps" measure and is divided into cases according to the last rule applied. We 
set n (x, At) to be the number of free occurrences of x in AT . 
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IL If the proof of M > X M' has reduction size p M and that of N £ X N% p N 
then the proof has reduction size p M K +n(x^ M')p N +l. 

12. T he proof has reduction size 1. 

111. The proof has reduction size 0, 

112. The proof has the same reduction size as the proof of M ^ X M\ 

113. If the proof of M ^ X M' has reduction size p M and of N ^ X N' has reduction 
size p N9 the proof has reduction size p m +Pn- 

Note that if a proof of M > X N has reduction size 0 then M = N. 
Lemma 2. If M = ff 2a' > X N' then there is an N such that M ^ X N = a N'. 
Lemma 3. X v V M ^ N iff there are M i9 M k such that M = M x ^ r ... 

We omit the quite straightforward proofs of these lemmas. 

Standard reduction sequences (s r. sequences) are defined inductively by: 

1. Any variable, jc, or constant, a, is a s.r. sequence. 

2. If #2, N k is a s. r. sequence and N x -+ N 2 tKen N l3 N k is a s. r. sequence. 

3. If N u N k is a s.r. sequence, so is (XxN x \ . .,(AxN k ). 

4. If M u Af; and N l9 JV* are s.r. sequences, so is (M x N t ), (Af, J^), 
(M, N k ). 

Lemma 4. IfN u TV* ft a s.r. sequence and M x = a JNTj, ft a s.r. sequence 

Again, the proof is both straightforward and omitted, 
We are aiming to prove: 

Tlheorem 3. (Standardisation theorem) X v V M 5* N iff there is a s.r. sequence 
N u N k such that M = N x and N k = a N. 

Lemma 5. If there is a proof of M ^ X M' of reduction size p M and cf N ^ X N' of 
reduction size p N where N is a value then there is one of [A/xj M & % L 9 miere L 
== « [N'/x] M* of reduction size < p M + n{x 9 M') p N . 

Proof. By induction on the size of M and by cases according to the last rule applied 
in the proof 

IL Here M « (XyM x ) M 2 , there is a proof of M t > M with reduction size p M%9 
one of M 2 > X M' 2 of reduction size p Ml9 p M = p Ml +n (y 9 M' x )p Ml + l and M' 
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Subcase 1. x - y. By induction hypothesis, there is a proof of [JV/ac] M 2 > ^ 
of reduction size < p Ut +n (x, M 2 ) p N where L 2 = clN'Jx] M 2 . 
Hence there is a proof of [iV/x] M > t [Z, 2 /*] Mi of reduction size 

^ Pa*^" (*> M *> (Pm,+» (*> 1 « p u +n (x, Mi) n (x, M' 2 )p s 

- Pm-M (*, [M 2 /x] Mi)/>* = p M +n (x f M')p N . 
Finally, 

M' - [#'/*] [MM Mi 

- « IP7*I AG/*] 
= a [L 2 /x] Mi. 

so we can take L — [L 2 /x] Mi, 

Subcase 2. x ^ y Let z be the variable such that either y $ FV(N) and i - y or, 
otherwise x$ FV{M X ) and z = y or, otherwise, z is the first variable in the list 
x lt x 2 , ... such that z$ FV(N) u FFCMj). One easily sees from the induction 
hypothesis that for some L 0 , [zfy] M l > t L Q has a proof of reduction size p Mt> 
wher 3 L 0 — a [z/y] Mi. Therefore, by another application of the induction hypothesis, 
for some L tt [Nix] [z/y] M t > t L t has a proof of reduction size < p M , +« (x, L 0 )p N 
where L t « £N'lx] [z/^j Mi. 

Next, by the induction hypothesis, for some L 2 there is a proof of [JV/jc] M 2 ^ jL 2 
of reduction size < p Ml +n(x, M' 2 )p N where L 2 ~ &N']x\ M 2 . 

Putting all this together, we find that (Az [TV/*] [z/y] M t ) {\Njx\ M 2 ) > 1 [£ 2 /4 ^i 
has a proof of reduction size 

P < 0^+** (x, L 0 )p N )+n (z, JLj) (x, M' 2 )p N ) + \. 

But 

[tf/x] M = (Az [tf/x] [z/y] M,) ([#/*] M 2 ), 
[JL 2 /z] £ t = .[[JV'/x] M' 2 jz\ [JV'/x] \z{y\ Mi 
= .[tf'/x] [M 2 /z] [z/^] M x 
= iN'lx] [M 2 /y] Mi 
= «[i\r/Jt3 M\ 

and 

(x, L 0 )p N +n (z, L x ) (p Mi +n (x, M' 2 )p N )+l 

= (j>M,+n (z, Li)p Mi +l)-h(n (x, L 0 )+n (z, L t ) n (x, M 2 ))p N 

~ <J>M t +n [#7*1 [>/>'] MiW^ (x, [z/y] Mi)+n (z, L,) x 
xn(x,M' 2 ))p N 

= 0>k,+» Mi)/7 Ma + l)+(» (x, Mi)+« (z, Z,,) n (x, M 2 )H 

- CP^+» Mi)p Ml + 1)(« (at, M{)+» O, Mi) » (x, M 2 )) p N 

-=/? M +K(x 5 M')i?iv. 
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Taking L — \L 2 \z\ L u this subcase is concluded. 
12. Here M = (a, b), AT = Constapply (a, b), and since FV{M') = 0, the conclu- 
sion is immediate. 

111 . Here M' Af and p M = 0. We proceed by induction on the structure of Af\ 
Subc'ie 1. M & x and Af is a variable or constant. Immediate. 

Subcase 2. Af == x. Immediate with L « N' = [iV'/jc] x as then n(x,M)~ 1. 

Subcase 3. M ~ ( t M l M 2 \ By induction hypothesis, there are for some L t proofs of 

[AT/*] M i > 1 £ t = Wlx} Af, 
of reduction size 

< « Af,) /> w for i = 1,2. 

The conclusion is immediate, taking L — (L t L 2 ). 

Subcase 4. Af = ( kyM{). If y = x the conclusion is immediate. Otherwise, with z 
a?; in case II, subcase 2, there is by induction hypothesis, a proof for some L t of 

WF] M x > t L t = a [tf/x] [y/r] Af t 
of reduction size 

« (.v, Af;)/> x = « (x, Af)/>„. 
Ihe conclusion follows, taking L = (ArLj). 

112. Here Af = (AyAQ, Af = (AyAT,) and Af j 3* tMl has a proof of reduction 
size p M . If y — x, the conclusion is immediate. Otherwise the proof is like III, 
subcase 4. 

113. Here Af = {Af t Af 2 ), M' = (MI M' 2 \ and A/, > Af; has a proof of reduction 
size p Ml for i = 1, 2. So, by induction hypothesis, tfiere are proofs for some L t of 

[jv/*1 at, > a = a [j\r/*] m; 

of reduction size 

< />m, + n (x, Af p N 0 =1, 2). 
Taking L — (L t I 2 ), we find a proof of 

[JV/z] Af > t L = „[#'/*] M' 
of reduction size 

< (.PM t +n (x, Mi)p N ) + (j> Ui +n fx, M' 2 )pn) = p M +n (x, Af ')/>..- 
This concludes the proof. 

Lemma 6. If M ^ t N where M is a combination and N is a constant or variable 

then M^*N. 
v 

Proof. By induction on the reduction size p M of tie proof of Af > y N, If the last 
rule applied in the proof is 12 the result is immediite, otherwise it must be II and 
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so M = (focM t ) M 2 , M x £ t Ml has a proof of reduction size p Mi 0 = 1, 2), N « 
[M£/x] and /> M == p Mi +n (x 9 M[)p M2 + 1. 
By Lemma 4, for some L 9 there is a proof of [M 2 /*] M t > ,X of reduction size 

where X = a [Myx] Mi - N (and so L « TV). Hence, 

Af [M 2 /#] Mi ~* # (by induction hypothesis), 

if [M 2 fx] M t is a combination, and otherwise [M 2 /x] M t ~ N when the resul* 
is immediate. 

Lemma 7. If M ^ X M' has a proof of reduction size p M , where M is a combination 

+ 

and M' is an abstraction, then for some abstractions L 9 L' 9 M -*L and L ^ t L' has 
a proof of reduction size (j? M and LI ~ a M\ 

Proof. By induction on the reduction size, p M9 of the proof of M > t M\ If the 
last rule applied in this proof is 12 we are finished, otherwise it must be II, then muck 
as in the proof of Lemma 5, we find an N 9 L" such that M -+N 9 N > t L" has 

a proof of reduction size < p M and V = a M'. If N is an abstraction, we are finished. 

Otherwise, by induction hypothesis, there are L 9 L' such that N L 9 L ^ t L' has 

a proof of reduction size <jp M and V = JL" = a M', concluding the proof. 

Lemma 8. If M > t M' M" 9 then there are K 9 K' such that M^K^ t K' « «M".. 

ProoL By lexicographic induction on (j> M9 |M|> where /> M is the reduction size of 
the proof of M ^ t M' and divided into cases according to the last rule used in 
that proof. 

11. This case is straightforward and is quite similar to that of Lemma 6. 

12. This case is impossible. 
HI. This case is trivial. 
112. This case is Impossible. 

IB. Here M = (M t M 2 ), M' = (Mi M' 2 ) 9 M % 5* M\ has a proof of reduction 

s ize p Mi9 for / = 1,2 and p M = P Mi +Pm 2 - The proof divides into cases according; 

to why M'-> M". 
v 

1. Here M' = &xM' 3 ) M 2 , M" = [M^/jc] M£ and M' 2 is a value. 
Since M t ^ t (XxM 3 ) we find in all cases, using Lemma 7, abstractions N and N ' 
such that Mi -> N > t N' = a M(. 

Since M 2 ^ 3 M 2 , a value, we find in all cases, using Lemmas 6 and 7, values L 

and L' such that M x $ L> X L! = a Af' 2 . It can be seen that putting N = Aj^,. 
far some JT' f NL-+ [L/y] N t Z X K' - a M". 
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Hence, taking [LJy] N t = K. 

(M l M 2 )~l (NM 2 )X (NL)-+ K > t K' = a M", 
as required. 

2. Here for some constants a and b. M [ = a and M' 2 - b. 
So V Lemma 6, 

(Mi M 2 ) $ (aM 2 ) 4 (ab) Conslapply (a, &), 
and we can take K = K' - M". 

3. Here M'{ and Af" = fAf'/ A/ 2 ). 

By induction hypothesis there are K u K[ such that 

Therefore (Af^ A/ 2 ) £ A/ 2 ) > Af 2 ) = 8 M^' and taking K = (A.'j Ai 2 ), 

= (K'x M' 2 ) concludes this case. 
4. Here, M[ is a v.- hie, M' 2 -* A/ 2 and M" = {Mi Af 2 ). By Lemmas 6 and 7 there 
are values L, L" such that 

By induction hypothesis there are K 2i K 2 such that 

A/ 2 -4 K 2 ^ ij^2>— «A/ 2 . 
Therefore, 

(Mi M 2 ) $ (LM 2 ) -j (LK 2 ) > JL'K't) = a Af ", 
and taking K = (LA' 2 ) and K' = (L'/T 2 ) concludes the; proof. 

Lemma 9. If M u A/, is a reduction sequence and M > X M X then there is a s.r. 
sequence N t .... JV fc jmcA fAtt M — N x and N k — t Mj. 

Proof. By lexicographic induction on <J, p M , |M|> (where p M is the reduction size 
of the proof of M >■ , M{) and by cases on the last rule used in the proof. 
II. Here M (XxK t ) K 2 , K t > X K[ has a proof of reduction size p Mi , for i = 1,2. 
Jlf t = IK'Jx] Ki ard p w - p Mi +« (x, A^)p Ml +l. 

Now for someL, [K 2 jx\ K x > jL has a proof of reduction size < Pm 1 +t{ C f > ^2)* 
X/> Wj <p w and L = 8 M t . 

By Lemma 4, there is a reduction sequence L t , L } such that L — L t and 
L, = a Af,. By induction hypothesis, there is a s. r. sequence JV 2 , N k such that 
jVz = [A'a/x] JC tt and JV k = a Lj = a Af,. The result follows immediately, taking 
7^ = M. 

12. Here one takes N t - M, N t - M t .., (/ = 2, -r I) and k -j-t-l. 
HI. Take j = k and JV t = Af •. 

112. Here there is a s. r. sequence M[, M) and M £ = (AjcMJ) (for i = l,/l ar.d 
for some A/', A/ = XxM' and M' ^ X M'. 



142 



G. D. PLOTKIN 



By induction h ypothesis, there is a s.r. sequence JVJ ... N k such that M' » JVJ 
and N' k >= a M}. The result: follows with JV, = (AxJV,') (/ = 1, fc). 
IB. There are two subt^ses; either M 2 , M> is a s.r. sequence and M x M 2 
or else there are s.r. sequences K x ... iir k , L x ... X./ such that M u Af/ is just 

(Ly KtX Ar t ) (X, jRT*). In the first subcase, the proof is similar to that in 

Case II, using Lemma 8 and then Lemma 4 and the induction hypothesis. In the 
second subcase, the proof is similar to that in Case 112, but uses the induction 
hypothesis twice. 

Proof off Theorem 3. Clearly if there is a s.r. sequence JV lf N k such that M — N x 
and N k = a N, 'k v V M ^ JV. Conversely, suppose V r M > JV, then by Lemma 3, 
there are L x ... L t such that M = L x > x ... > iU = jv. We proceed by induction on /, 
If / = l, we are finished. Otherwise, there is a s.r. sequence K 2 ... K k such that 
L 2 - K x and K k = a L, = B JV. As M ^ jJST lf the result follows at once from Lemma 9. 

One can now define a normal order reduction sequence and show that this reaches 
a (call-by-value) normal form, iff one exists, just as in [2]. It is more relevant, how- 
ever, to note this corollary: 

Corollary 1. For any term M,X V V M > N for some value N iff M X N' for some 

value V. 

Proof, barly if M * JV' for some value JV' then X v VM> JV'. In the .other di- 

V 

rectici ppose X v \ M > JV for a value JV. By the Standardisation Theorem 
there is a s.r. sequenc i N x N k such t iat M — N x and N k — JV'. Let JV' be the 
first vah . in the sequence. Then M^* N' as required. 

The next theorem, by tying Eval K in with allows us to see the connections 
between X v and Fval K . 

Tlieorem 4. Eva! v (M) — N iff M ^ N t (for closed M and a value JV). 

Proof. First, suppose M has value JV at time t. If M is a constant or an abstraction, 
ihe result is immediate. Otherwise, M — (M x M 2 ) and either M x and M 2 have 
values a and b at times t x and t z , respectively, JV" = Constapply (a, b) and t = 
= /i+?2 + l> or, otherwise, M x has value (AxMO at time t Xl M 2 has value M' 2 at 
time r 2 > [Mj/x] M' x has value JV at time r 3 and / = f,+f 2 +f 3 + l. In the first case, 
by induction hypothesis, M x ^*a,M 2 2*b and so M ^ (aM 2 ) 2> (ab) N. In the 
second case, by the induction hypothesis, 

M x % (IxMl); M 2 Z> M 2 , iM'Jx] M' x -*-> JV and so M ^ 

(AxMO Mi -* [M 2 /x] Mi ^ JV. • 



CALL-BY-NAME, CALL-BY-VALUE AND THE A-CALCULUS 



143 



Second, suppose that M X N. We proceed by induction on the (unique) n such 

that M A N. The case n = 0 is easy; so suppose » > 0 and there is a sequence 
(AiU^^a N where M^^LJ, {K t L t ) -* (K Hi L i+l ) (for i = 1,«) 
and (Jf, L„) N. Let jfiT^ be the first value in the sequence K u K„ — there must 
be or e since N is a value and so K n must be one too. Then L, = L x (if 1 ^ / ^ « 0 ), 
and iT t ^ JC^. Next let jL„ t be the first value in the sequence jL 4o , L n — certainly L n 

'is a value, so L„ t exists. Then L n<t ^ L„ t . 

If K„ 0 = (AxJS^) then if w 0 ^ » »i. *i = and, further, [AJ*] K' no ^ JV. 
Then by the induction hypothesis 

EvaUW = (XxK^ Eval v (Z, Ba ) = L Hi and Eval^/*] jy = M 
Therefore, 

EvaMJl/) = iV. 

If, on the other hand, K no is a constant, so is Z-^, « = » lt and JV = Constapply 
(K m Li). Then, by the induction hypothesis, 

EvaVtfTj) - K m Eval^Lj) = L n and so Eva!~( M) - N, 

concluding the proof. 

Thus our clipped version of the programming language ISWIM is indeed deter- 
mined by a standard reduction sequence as outlined in the introduction. As a cor ollary 
we will give some weaker relations between X v and ISWIM, no; involving the concept 
of a s.r. sequence. 

Corollary 2. 1. Tin -e is a value N such that X V V M — N 'ff Eval F (M) is defined, for 
closed M. 

2. Suppose Constants — ^Constants u ^-Constants as mentioned above. With 
each closed M we may associate two partial binary (say) functions f M andg M in 
stants 1 -* ^-Constants by: 

f M (a, b) ~ c iff Eval v (Afflfft) = c, for any ^-Constant c, 
and sr*i(fl, b) - c iff X v V Mob — c, for any 93-Constant c. 

Then f M - g M . 

Proof 1. From Theorem 4 X v V M « Eval v (M) when Eval/M) is defined. Con- 
versely, suppose X v V M — N for some value N. Then, by the Church- Rosser 
theorem there is a term L such that X v V Afz L and X v h N > L. As N is a value, 
so must L be. So by Corollary 1, M K for some value AT and so, by Theorem 4, 
EvaVfAf) is defined. 

2. First, note that it follows from the Church-Rosser theorem that g M is a well- 
defined partial function. Using Theorem 4, we see that 

f M (a, b) = c implies Eval v (Mo6) = c implies X v h Afafc = c. 
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Conversely, using the Church-Rosser theorem, Corollary 1 and Theorem 4, 
we see that: 

g M (a, b) — c implies X v V Mob = c implies X v H Mab > c implies 
Bva\ v (Mab) = c, 

concluding the proof. 

The second part of the Corollary says that X v and Eval K assign the same functions 
of basic constants (to basic constants) to closed terms. If, as seems reasonable, one 
regards ISWIM as being given by such assignments rather than Eval K , then we 
see that it is completely determined by X v without any reference to s. r. sequences. 

Next we consider in what sense those equations provable in X v are true (for Evalp). 
We assume that the constants are divided up into basic and functional ones. 

Clearly if M = N is true, then M and N are equal in any context, that is, with 
an obvious notation, for any context C [ ], C [Af] = C [A7] is true. Also, if M —N 
ii Srue and both Af and N are closed either Eval F (Af ) and Eval F (A7) are both unde- 
fined or else they are both defined and one is a given basic constant iff the other is. 

We are going to take these necessary conditions as being also sufficient; the 
emphasis on basic constants seems appropriate, for one would want, for example, 
(Xx succ x) to equal succ. The notion of context can safely be kept infoimal, C [ ] 
can be regarded as a term with a " hole", C [N] is the term obtained by filling the 
hole with N. Note that X v V M « N implies X v f- C[A/] = C [A/]. 

Definition. M x V N iff for any context C [ ] such that C [Af] and C [AT] are closed, 
Eval*<C[A/J) and Eval K (C[A/]) are either both undefined, or else are both defined 
and one is a given basic constant iff the other is. 

One can check that tm v is indeed the largest relation satisfying the above conditions, 
and is an equivalence relation. Further, if M « V A/, for closed terms Af and AT, 
then with the notation of Corollary 2.2 f M ~ g N . 

Theorem 5. If X v r h M = N then M -^ V N. 

Proof. Suppose X v V M = N and C [A/] and C [AT] are closed. 
If Evalp(C [Af]), say, is defined, and so is a value, 

X v V C [AT] = C[Af] = Eval K (C[Af]), 

and so Eval v (C[A/]) is defined by Corollary 2.1. 

Suppose EvaV(C [A/]) and EvaV(C [A/]) are both defined and the former, say, 
is a basic constant. As X v Y Eval^(C [A/]) = Eval v (C [Af]), the result follows 
from the Church-Rosser theorem, concluding the proof. 

So we can regard X v as being consistent. It is, however, not complete. Let us 
say that Af has order zero if it is closed and has no (call-by-value) value. Then if Af 
and N are of order zero, Al ^ V N. We outline the proof. Let us say that terms Af 
and M ' correspond iff they are identical, apart from occurrences of order zero terms 
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at homologous positions. Then, if M and M' correspond and M' N\ either M 
and N' correspond or else, for some N, M -+ N and N and N' correspond. The result 
is then immediate. 

In a similar way, one can show that Xxx (Xyxy) « v kxxx. This is an instance of 
a vd'd restricted form of ^-reduction which it would be interesting to add to X v » 



Call-by-name 

In this section we proceed at a rather rapid rate through results for call-by-name 
quite analogous to those of the previous section. 

The language of our call-by-name calculus is that of ISWIM. Since simple lambda, 
calculus based programming languages, such as PAL [19], GEDANKEN [11], 
etc. all use call-by-value, we feel free to define Eval* directly, in analogy to the re- 
cursive definition of Eval v . It is an interesting exercise to define an appropriate 
version of the SECD machine, and prove the result analogous to Theorem 3.1. 

Assuming a Constapply as given, Eval w has this informal definition: 

Evaljy(a) = a; B\a\ N (XxM) = (XxM). 

Evsd N (MN) - Eval A ([JV7*] AT) (if Eval w (M) = (XxM)). 

Eva\ N (MN) = Constapply (a, b) (if Eval,v(M) = a and Eva\ N (N) = b). 

We leave to the reader the formal definition of Eval*, via a definition of "M has 
(call-by-name) value N at time r". Clearly, if it exists, Eval w (M) is a value. 

Our X N calculus is just the appropriate XK-85 calculus. Explicitly, its formulas 
have the form M = N, where M and N are terms. Its rules are : 

II. (XxM) •■= (Xy [>/*] M) (y <k FV (M)) (a-reduction). 

2. (XxM) N = [JV/*] M (j8-reduction). 

3. (ab) — Constapply (a, b) (if this is defined) (5-reduction). 

III. M= M 

M — N A = L 
M — L 

M = N_ 
N — M 

M = N M — N 

(MZ) = (NZ) ' (ZM) - (ZN) 

M — N 
(XxM) = (XxN) 

X N h M — N means that M — N is provable by the above rules. 

X N V M > N means that M = N is provable using any of the above rules except 113, 
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From [2], we know that if A w h M = N then X N \- [L/jc] M « [Ljx\ N, for 
any term L, and so the free variables can be interpreted as universally quantified; 
we also know that the Church-Rosser theorems holds. Next we proceed to a formu- 
lation of the standardisation theorem, again without any reference to rcdexes. 

The relation,, of left reduction is the least relation such that: 

N 

(1) {XxM)N-*lNlx]M 

(7) (ah) -> Constapply (a, b) ( vhen defined) 

B) If AfU M' then (MN) -> (M'N) 

N N 

(4) If AT is a constant or variable and N -> JV' then (MJV) -* (MN'). 

N AT 

Clearly left reduction is a partial function. If M -* N then Af is not a value. 
Standard reduction sequences (s.r. sequences) are defined inductively by: 

1. A variable or a constant is a s.r. sequence. 

2. If N 29 N k is a s.r. sequence and N t ^ JV 2 then JV lf N k is a s.r. sequence. 

Ji. If 7/,, N k is a s.r. sequence, so is (XxN t ), (AxA* k ). 

4. If Af 3l , M,| and N u are s.r. sequences, so is (Mj N t ) 9 f Af, 
(MjN k ). 

Theorem L (S*anclardisation theorem). X N h Af > iV* iff there is a s.r. sequence N u 
# & 5wcA to Af == JVi ami AT* == a 7V. 

We omit the proof. As remarked by Morris [9], it can be obtained by modifying 
the proof in Curry [2] to consider the 5-rules too. It can also be obtained by analogy 
with our method for k v . 

The proofs of all following theorems and remarks are omi ted. They are analogous 
to those of the corresponding ones in the previous secticn. 

Corollary 1. For any term Af, X N h M ^ Nfor some value N iff M ^ N' for some 
value N'. 

Theorem 2. Eval N {Af) - • NiffM^N, for closed M. 

Corollary 2. 1. There is a value N such that A jV h Af > V i ff Eval^AT) is defined. 

2. If the constants are divided into basic and functional constants, and we associate 
partial binary (say) functions f M and g M with a closed term, Af, by: 

f M (a 9 b) =z c iff Eva\ N (Mab) = c 9 for any basic constant c, 

and 

Q M {a, b) = c iff X N h Mob = c, /or a/iy &aw*c constant e, 
then f M ~g M , 

Assume now that the constants are divided into basic and functional ones. 
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Definition N N iff for every context, C [ ] where C [M] and C [AT] are 
closed, Fval w (C [M]) and Eval M (C [#]) are either both defin d or both undefined 
sad in the former case either both are the same B-constant or both are not B-constants* 

Therein 3. If X N V M » N then M ™ N N. 

Again, although consistent, X N is by no means complete. If we say a closed term M 
is of order zero iff it has no call-by-name value then if M and TV pre order zero 
terms, M « N N. It is also true that Xx (x (Xyxy)) « N /«xxx, and a more general 
form of ^-reduction is valid. 

<S. Simulations and translations 

Our object here is to show that call-by-value can be simulated by call-by-name, 
and vice versa. It is known that some aspects of call-by-name can be: fairly easily 
simulated by call-by-value; for example the call-by-name conditional can be sim- 
ulated by the call-by-value one [7] and the term Z, mentioned previously, provides 
a good recursion operator, [19]. However these "protecting by a A" techniques do 
not seem extendable to a complete simulation and it is fortunate that the technique 
of continuations is available. These have been used to provide denotational semantics 
for languages with call-by-value [15], to give definitional interpreters whose defined 
languages are independent of the order of evaluation of the defining language [10, 12] 
and to show that a deletion implementation strategy does not reduce the possible 
functions [3]. It turns out that this work easily provides us with a simulation of 
calf-by-vdue by call-by-name. Some modification is required for a simulation in 
the other direction, which is based on a definitional interpreter, of the above sort, 
for a call-by-name language [13]. 

We begin with a simulation of call-by-value by call-by-name. Given a call-by-value 
language with its Constapply^, Eval r and X V7 we consider the call-by-name language 
whose variables are those of the given language together with three others, x 9 <x and /? 
say, and whose list of variables for the substitution prefix is that of the given language. 
Its Constapply will be given in a little while. First the term Emulation map M f-> M 
sending terms in the call-by-value language to the call-by-name language is given 
by the recursive definition: 

a = Xx (xa) 

x = Xx (xx) 
XxM = Xx (fc(UM)) 
MN = Xx (M (XotN (Xftafix))). 
Constapply* is given by: 



ConstapptyivOz, b) = Constappiy v (tf, b) 
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Let £ be the call-by-value language under consideration, £' be the call-by-name 
one and £" be the call-by-value language whose constants, variables, variable 
list and Constapply are those of £'. On occasion use cf the i?s as superscripts or 
prefixes will avoid ambigiuty. 

An auxiliary function, *F sending values to values is defined by: 

V (a) « a; W (x) - x; V (XxM) - (XxM). 
We intend to prove the following three theorems: 

Theorem 1. (IndifiFerence). Eval w (M(Axx)) = Eva\ v {M (hex)), for my program M. 
Theorem 2. {Simulation). ¥ (EvaI v (M)) = Eval N (M (Xxx)), for any program M. 

Theorem 3. (Translation);/"^ \r M — N then xf V M — N and then X N h M=N. 
The second but not the first implication is reversible. 

Notice that the simulation maps used for programs, that is closed terms, in Theo- 
rem 2 are different from that used for terms in general. 

The first theorem is just a reworking of the "defining-language-order-of-evaluation- 
radependent" definitional interpreter. The second is, essentially, due to Fischer, I 
modified by an application of Theorem 1. The following corollary, shows that Eval^ i 
gives ail the functions (on basic constants) Eval K does. 

Corollary 1. Jffn is the function assigned a closed term M as in Corollary 4.2.2 and 

p> a a' 

, N the function assigned N = XxXy (Mxy (Xxx))as in Corollary 5.2.2 then fu = fit * 
(Assuming the constants are divided into basic and functional ones.) 

Proof, fi (a, b) = ciS Bva\ N (Nab) = c 

iff Eval N (Mab (Xxx)) = c (by Lemma 1 below) 
iff ¥ (EvalyiMab)) = c (by Theorem 2) 

iff/j? (<* J>) - c. 

Notice that since Constapply^ & Constapply K , our simulations are not interpre- 
tation independent. It would be interesting to find gener al conditions on Constapply K 
which would allow an interpretation independent simulation. 

Unfortunately, although operational inequality is preserved, equality is not: 

Corollary 2„ 1 . For any terms, M, N, if M « N N then M » V N. 

2. For any closed terms Af,N, if Ml « N NI tkenM w V N, where! m (Xxx). 

3. Neither of the converses of 1 or 2 hold. 

Proof 1. Si ppose M & V N. Then there are closed terms, C [MJ and C [iV] such that 
either one cf Eval^C [M]), Eval^C [iV]) is defined and the other not or else both. 
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are defined, one is a basic constant and the other is not, or else they are both defined 
but are different basic constants. Now there is a context D [ ] such that C [A/] I == 
= Z> pfj and C[JVj / = where f = (Axx). Then it foilows that M & N N 

by applying Theorem 2 to the terms C[M] and C[iV]. 

2. Suppose M f&yN.tf one of Eval 7 (M), Eval F (iV) is defined and thejrther not 
then, by Ilinorem 2, the same applies to Kval N (MI) and Eval N (NI) and then MI & N NI; 
otherws* oth are defined and, as we have Aw* (AfJ) « N M and similarly for JV, we 
car not have M/« W JV7 as otherwise we would have M & N N contradicting L 

3. r L % .e M^XyXxx (yx\ N = XyXxx (y (Xxxz)). Then M & V N but MI & N NI and 
so we also have M N N, concluding the proof. 

If the reader examines some examples of programs M Q and the sequence* M 0 ^ 
•j* M % -» ... and M Q I « N 0 JVj ... he will find that the -^'s consist of a sequence 
of "'administrative" reductions followed by a "proper" reduction corresponding 
to a -* followed by more administrative reductions and so on. The term / does not 
figure in any reductions until an N n has been reached corresponding to an M m which 
is a value. So we will define an infix operation: such that M:K is the result of per- 
forming all the administrative reductions on MK, and so MK^ M:K as is shown 
by Lemma 2 below. With the help of Lemma 1 it can be see a that the result, N j9 
of the proper reduction MyJ Nj corresponding to M Q M t is itself the result 
of some administrative reductions on M t I and so in general we will expect that 
if M -j* AT then M : K i M' :K, as shown in Lemma 3 below. One now has a good 
picture of the sequence N 0 -+ N x -* ... in terms of M 0 M t -+ ... and this, together 
with some information on error stops, given by Lemma 4 below, gives a proof of 
theorem 2. Since all the -+'s are also -j^'s we also have one of Theorem 1. 

lemma 1. [S 7 (#)/*] M = \JNpc\M (if N is a value and x $ a, 

Proof. By induction on the size of M. 
Case 1. If M is a constant a, then 

\V(N)lx\ a = (Xxxa) = (Xxxa) = [Nlx] a 

Case 2. M = x. 

L. S. = [W(N)W Xhkx = XhkW{N) {k £ FV(N)) 
= N = [Njx[x7 
M = y. Trivial. 
Case 3. M is a combination, (Af t M 2 ). 

L. S. = (A^J^CAa^CAjffajS^))). 

= {In [W (N)lx'] M x {Xol (JV)/*] M&XQrfx))) (as x £ a, 0} 

and ^xfFV{T{N))), 

= (Ax [JV/jt] Af^loc [JV/x] M 2 (XpuM)) (by induction hypothesis), 
= Cy/x] M^tf/x] M 2 
- R. S. 
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Case 4. M is an abstraction, (XyM t ). When y = *, the result is immediate. Other- 

L. S. - [?P (TV)/*] Q.hh (XyMj) _ 

* A* (hXz ([«F (AT)/*] [^] ^i)) (* f* 5 < * and with the 

usual conditions on z) 



= (A Q/jc] [z/y ] AQ) (by induction hypothesis) 

= ht (hXz pV/3"tz/y] AQ) (by induction hypothesis) 

= [Nix] XyM u concluding the proof. 

Next we define the convenient infix operation, : , in jG-Clcsed Terms x j9'-Terms 
-* .£'-Terms. 

N:K=* K¥{N) (N is a closed value) 

MM: K= M: (XaN (XpupK)) (M is not a value) 

MN'.K m JV: (XpW(M) pK) (M, but not N, is a value) 

MN:K =¥{M)¥(N)K (M and JV are values). 

In ihe following, results asserted for are intended to be asserted for both 

-*-and ->. In the former case we mean 
v w 

Lemma 2. If K is a closed value then MK i MiKJor any term M,(«, 0, x £ FF(X))« 

Proof. By induction on the size of M and cases on the definition of :. 

1. Jlf is a value. 

MK^{XhxW{M))K 
-+K¥(M) 
= M:K. 

2. M (M t M 2 ). 
Subcase 1. M x is not a value. 

MK - (XxMiiXx^fflxfix))} K 
M^XaM^XpaPK)) 

Mt :(XaM 2 (XfiafiK)) (by induction hypothesis) 
= M:K 

Subcase 2. M x is a value and M 2 is not. 

MKX M t :(X<xM 2 (Xp<xPK)) - (X*M 2 (Xp<xpK)) W{M t ) 

-+ M 2 (Xp¥{M t ) pK) Af:AT (by induction hypothesis). 
Subcase 3. Af t and M 2 are values. 

MK^M 2 .(XpW(M t )pK) (as in Subcase 2) 
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Lemma 3. If M-+N then M:K i N:K (if K is a closed value and M and N are 

terms). 

Pre a". By induction on the size of M and by cases according to the definition of 

h M = (ab) and N = Constapply (a, b) 

M\K = abK -+ Constapply w («, b)K = NX 

4 N-K (by Lemma 2). 

2. M = (XxM t ) M 2 and N — [M 2 lx] M x and M 2 is a value. 

M:K=¥ (XxMd W (i»/ 2 ) K = (AxM^ ^ (M 2 ) K 
-> [y(A/ 2 )/j c] AT, 
= [M 2 /;t| M X K = NK 
-» JV:i\r, (by Lemma 1). 

3. M — M t M 2 , M x is a value, Af 2 -» JV 2 and JV = (Mj JV 2 ). 

M.K = M 2 :(A]5* r (M 1 ) /WQ 

JV 2 : (A05F (MO j& K) (by induction hypothesis) 
= L, say. 

If JV 2 is not a value tLen, L = N:K. Otherwise, 

4. M - M x Af 2> M j — * # t and JV = (AT A M 2 ) 

M:K — M x : QjxM 2 (XfioipK)) 

= L, say. 

If J^i is not a value, L = N:K. Otherwise, 

L X M 2 (XpV(Ni) K) = I/, say. 
If M 2 is not a value, L = N:K. Otherwise, 

L'i W(N X )W(N 2 )K = N:K 9 
concluding the pro )f. 

One can see that, in any call-by-value language, if M-h> N 9 for any term N and M 
is not a value and M is closed, then M is in the set Sticks*, defined inductively by: 

1. If Constapply (a, b) is not defined, (ab) e Sticks^* 

2. For any term N, (a (XxN)) e Sticks^. 

3. If JVeSticks F , then ((XxM) N) <= Sticks^, for any term M. 

4. If Me Sticks*,, then (MN) e Sticks^, for any term N. 

Similarly, in any call-by-name language, if M++N for any term N 9 M is not a value 

and M is closed then M is in the set Sticks* defined inductively by:. 
L If Constapply (a, h) is not defined (aft) e Sticks*,. 
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2. For any term N, (a (XxN)) e Sticks*. 

3. If Me Sticks*, (Mtf)e Sticks*, for any term N. 

4. If JVe Sticks*, then aA r e Sticks*. 

Clearly, if the two languages have the same constants, variables and Constapply 
then Sticks* £ Sticks^. 

Lemma 4. If M e Sticks^ then M:Ke Sticks^' £ Sticksf . 

Proof. By induction on the size of M and cases according to the definition of Sticks^. 

1. (ab):K= tfo#eSiicks K (Constapply ,(<*,*) not defined). 

2. Like case 1. 

3. M 2 e Sticks^, (XxM t ) M 2 :K - M 2 :ffl}P(M t ) pK) e Sticks* (by induction hy- 
pothesis). 

4. M t e Sticksf , (M t , M 2 ): K = M x :(kctM 2 {X^K))e Sticks* (by induction hy. 
pothesis) 

Proof of Theorems 1 and 2 

1. EvalK (M) is defined and is N, say. By Theorem 4.4, M -| N. So by Lemmas 2, 3 

Jif (Axx) X M:(axx) 
* — 

-+ N:(-lre) 

-+ F (iV) (as JV" is a value) 
= ?f (Evalf(M)). 
Therefore, in this case 

E\al K (M(h:x)) = Eval f "(M (Axx)) 
by Theorems 4.2 and 5.2. 

2. Evalf(M) is not defined. By Theorem 4.4, either M~* JVe Sticks k or else 
there is an infinite series M lt M 2 , such that 

M = M t -+ M 2 -*M 2 -+ ... 
In the first case 

M(Xxx) -i M:{kxx) 

N:(Xxx) 

e Sticks*, (by Lemma 4). 

Then neither Eval rt (M (Axx)) nor Eval"^ (M (Ixx)) are defined by Theorems 4.4 
and 5.2. 
In the second case, we have 

M (Xxx) M:{bcx) == M x :(Xxx) Af 2 :(AxT) -> 
with the same result, concluding the proof. 
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Proof of Theorem 3. We omit the straightforward proof that A v V M ^ N implies. 

Xv y M N, from which it follows immediately by the Church-Rosser theorem 

that if Xy V M = N then A^T h M = N. It is then clear that X N h Af = N. 
Conversely suppose h Af = N. Note that Af and N have this property: 
If £, . L n is a subterm and L % is a value so are L 2 ... A,- Any call-by-name redex 
in h r^rm with this property is also a call-by-value one, and if L has the property 
and H L > .V, then L' also has the property. It follows from these remarks 

that lv' v M « N. 

Finally, if Af = ((Axjcjc) (Axxx)) j> and N = ( Axxy) ((Axxx) (Axxx)) then A^ 

h A? = N but Ak 1+ M = JV. Note that Af w 

H iving completed our treatment of the simulation of call-by-vp!ue by call-by-name, 
we pass next to the simulation of call-by-name by call-by-value. So suppose we are 
given a call-by-name language £ 9 with some Constapply*. Consider that call-by-value 
language £' whose coastants are those of £, whose variables are those of £, plus x 
and oc, whose variable-list is that of £ and whose Constapply r will be given later 
via a function M h>M from £ terms to £' terms which also helps to specify 
the simulation map. It is convenient to let £" be the language which, apart from 
its being call-by-name, is identical to £\ We will use the £*s as superscripts or 
prefixes as before. We will only consider the case where the constants of £ are 
divided into basic and. functional classes. This allows a simple simulation map. 

The map M h+ M is dciined recursively by: 

x = x 

a = Xx (x (Aar (a/))) 
b ss Xx (xb) 
I XxM ) - Xxx (XxM) 
(ME ) - XxM (XaaNx). 

Here, and below, J is the term (Xxx). 

Then, Constapply F (?, b) = def Constapplyjyfo , b\ and it is also convenient to 
define a map 0 from J?-values to ,£?'-terms by: 

0 (x) = (*/); 0 (a) = Xtxa (a/); 0(b)^b; 0 (XxM) = AxM. 
We intend to prove these three theorems: 

Theorem 4. (Indifference). EvaU(MJ) = Eval N (MI), for any term M. 

Theorem S. (Simulation). 0 (Evalf (Af)) = Eval r (Aff). 

Theorem 6. (Translation). X^ r M — N iff Xy V M = : V /)f 
Af VMI^NIiffxf YM^Niffxf Y MI ~ NL 



(a e ^-constants) 
(ft e ^-constants) 
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As before, it follows that Eval r gives all the functions Eval N does; but once again 
the simulation is not perfect: 

Corollary 3. 1. For any terms M, N, if Mm V N then M « N N. 

2, For any closed terms Af, N, if MI fts V NI then M fa „N. 

3. Neither of the converses of 1 or 2 hold. 

Proof. This is similar to that of Corollary 2. As a counterexample one can take 
M = Xxxx and N = Xxx (Xyxy). 

We omit the proofs of the first few lemmas, as they are quite similar to the proofs 
of the corresponding lemmas for the previous simulation. 

Lemma 5. [MjxjN = [MfxjN- (,x$ {»,«}). 

Now the infix operator : , in 2-Closed Terms x J2'-Terms -*■ £'-Terms, is de- 
fined by: 

a:K=* KQax'ivl)) 
b:K=*Kb 

{lxM)'.K '= K(XxM) 

(MN) :K — M: (XaaNK) (M not a value) 

(aN) :K**a& (N) K (N a value) 

(aN) : K a (N :/) K (N not a value) 

g>N):K h£K 

(lxAQN:K=(XxM)KK. 

Lemma 6. If K is a value then MK i M:K (Af closed). 

Lemma 7. lfM-»N then M.K.Xn.K ifM is not of the form b L t ... L n (Af closed). 

N 

Lemma 8. If M eStieksf then A/.-tfeSticksf £ Stieksf. 

Theorems 4 and 5 now follow just as Theorems 1 and 2 did. 

The proof of Theorem 6 is, as it were., a non-deterministic analogue of the proof 
of Theorems 4 and 5. 

Consider a term M and the corresponding terms M and MI. Once again reductions 
on M and MI can be either administrative or proper, but since we are considering £ 
rather than -* we need relations rather that a function like : . So Af ~ Af will mean 
that M ' can be obtained from ML by administrative reductions and M & M' means 
that M' can be obtained from MI by administrative reductions. Lemma 9 below 
corresponds to Lemmas 2 and 5 above. Lemma 11 corresponds to Lemmas 2, 3, 5 
and 7 above, and is expected if we have the right definitions of ~ and ~.Xtis then 
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straightforward to show that If Xf V MI = NI then MI and NI reduce to terms 
in the relation & to alphabetically equivalent terms and one then uses the rather 
technical Lemma 10. In this way one shows that Xf" h MI = NI implies Xf 
h M N and the rest of Theorem 6 is straightforward. It should be remarked 
that 1 e analogue of Lemma 10, for the simulation in the other direction, fails. 
We set 

1 ' } ~ def \(MN) (otherwise) 

(Af | AO will be used, ambiguously, to abbreviate (MAT) and (Af ; N). The legations ~ 
aad A are now denned by means of a formal system whose formulae are of the 
tbrm M ~ M' or M ~ M ', where M is an £-term and M' is an J?'- term. 

I. x ~ x 

III. a ~ A** <Aa<- (a/)) 2. a £ (Aaa (a/)) 

mi. b ~ Axxft 2. b £ b 

1V1. jf ~ AT 2. A/ ~ AT 

(AxAf) - (Axx(Aa:M')) (AxAf) ^ (AxAf 7 ) 

V. M ~ jtfW ~ A T 

(MAT) - A« (M'ICAaaAPx)) 

VI 1. N ~ N' 2 - AT ~ AT' 



(aJV) - Ax ((Aaa (a/)) ATX (aN) ~ AxaATx 

VII. jyr ^ j*/' 

(WV) ~ Xx{bW^) 
VIII. at ~ at'ji/ ~ m' 



{XxM)N ~ Xx{XxM')N'x 
IX. Af ~ AT 

Af£(Af'|/) * 
X. Af ~ M' 



M ~ XxM' t 



We will also use AT ~ Af ; (Af £ A/') to mean that the formula A/ ~ A/' (M £ A/') 
is provable by the above rules. Notice that if M ~ M' or M ~ M then FV{M) - 
— FV(M'). If Af ~ Af ' = AxAf", then « occurs in position 1 of M" iff A/ is a value, 
other than a variable; occurs in position 2 of M" iff Af ~ Af' follows from an 
application of one of rules VI, VII, VIII or X. 



Lemma 9. 1. If M ~ AT and N ~ AT' //ten for some L, 
[Nlx\ M ~ L = a [AT'/x] Af '. 
2. If M ■£ Af ' twicf N ~ N' then for some L, 
[AT/jc] Af £ L = 8 [AT7x] Af'. (* £ {x, a}). 
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We omit the proof, which is a simple induction on the size of Af. 

Lemma 10. 1. If M ~ Af' and N ~ N' = a M' then Af = a N. 
:>. If M Z AT and N A N' = a M' then M - a iV. 

Proof. We define sets 9C„, 9„(« £ 0) by: 

% = {*}; = {AaaZ/jqi, ~ L' for some L and K n e (» £ 0). 
9 n - %, u {[//«] jqfT n g %,} (« £ 0). 

We use J£j„ JSJ etc. to vary over 9C„ and /„ etc. to vary over 9„. Then K n — JC„, 
implies n - n' and [/„/:*] K m is in 9 m+n . 

In the following, F is some constant, or has the form Ma (a/) or kxL{ where 
L x ~ L[ for some L u and 1/ will be some term such that L ~ L' for some L. 

A term is of type A if it has the fonn XxxV. 

A term is of type B if it has the form XxVL'x. 

A term is of type C if it has the form XaL'K m , with m >. 0. 

A term is of type D if it has the form AxVL'K m , with m > 0. 

A term is of type E if it has the form XxK m V, with m > 0. 

It is not hard to show that if Af ~ AT then AT is of type ^ iff the last rule used 
in the proof of Af ~ Af ' was one of III, III1 or IV1 ; of type B iff it was one of VI, 
VII or VIII; and of one of types C, D or E iff it was V. 

Let (a)„ be the statement that if Af ~ Af', N ~ N' have proofs of total size ( = no. 
of steps) n then if M' = a N', M = a N. 

Let (b) n bo the statement that if Af ~ Af ', N Z N' have proofs of total size n then 
if Af' = Jf', Af = a N. 

Let (c)„ be the statement that if Af ~ AT, JV ~ AT' have proofs of combined size « 
then if M'\I n = /iT|j; ,for some /„, /„ e 9 B then M = Z N and 7„ = «/„. 

We will prove t:hat if (c) n then (a) fl , that if (a) m and (c) m for all m < n then (b)„, 
and if (a) M and (b) m and (c) m for all m < n then (c) n . The Lemms is then immediate. 

(i) Suppose (c)„ and that M ~ Af', JV ~ AT have proofs of total size « and M' 
= JV'. Then (c)„ applies with Af')/,, = (M'x) and (7V'|/ B ) - (TV'*). 

(ii) Suppose (a) m and (c) M for all m < n, M Z Af', and N Z N' have proofs of 
total size », and Af' = a N\ We divide the proof into cases according to the last 
rule used, in the proof of Af ~ Af'. 

112. Here Af = a and Af ' = Aac (a/) for some a. The last rule used in the proof 
of N Z N' clearly cannot be III! or IV2. If it is IX then we must have N ~ N n 
and N' (N"; 1) where the last rule in the proof of N ~ iV" was V as N' is an 
abstraction. A comparison of the positions in Af' and A r ' of a shows that this is 
impossible. Lastly, if it is 112 the result is immediate. 
1112, IV2, This is similar but IV2 uses (a) m _ 2 . 

IX. By symmetry, we need only consider the case where the last rule used to 
prove N Z N' is also IX. Then, for some Af", N" Af ~ Af" and N ~ N" have 
proofs of total size n-2, Af' = (M"|7) and JV' - (A r "|7). By (c) m _ 2 it follows tb^.t 

M"-= a N". 
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(iii) Suppose (a) m and (b) m and (c) m for all m < n, M ~ Af ', N ~ N' have proofs 
of con fcmed size « and M'\I n — JN'\I' n for some /„, I'„ in some 9„. 

First ,*e assume that neither M ~ M' nor N ~ N' follows from X. 

Suppose, M'\I n = Af7„ and N'\l'n = N'; J n . If N ~ N' follows from I, the result 
is in,, ediate. If N' is of type A, then M'I„ = J' n V, with a Fas above. This is a con- 
tradiction as /„ = m V is impossible. The same objection rules out type E. 

If A" is of type B, then AT7„ = cKL'/.J which is impossible as M' is a value. This 
also rules out type D. Lastly, if N' is of type C then M7 n = a L'[J'„lx] tf,„ = L7^+ m for 
some and then /„ = J'„ +m a contradiction, as m > 0. 

The case = Af- ^ and JV'|/„ = N'I' n is similar. 

Suppose M'\I n = M';J„ and N'\I« = /„. If either M ~ M' or N ~ N' follows 
from I the result is immediate; otherwise, the proof splits into cases according to 
the type of Af. 

A. Here M' = XhxV for some V, as above, and M ~ M' follows by one of III, 
III1 or IV1 and M'I„ = /„ V 

If N' is of type A we see that N ~ N' follows from whichever of III, HI1 or IV1> 
Af ~ Af' does and the result is immediate, possibly using (a)„- 2 . 

If N' is of type B we have I„V — a V'L'I^ for suitable V, L', contradicting the fact 
that I n is a value. 

If N' is of type C we have J n V = a L'I m+n for some /„,+„ which is impossible. 
Jf N' is of type D. the argument is the same as for type B. 
If JV ' is of type E, we get I„V = J' n + m V for some I^+ mt V which is a contradiction 
as m > 0. 

B. Here Af = IxVL x and Af ;/„ = VL'I n . The proof divides according to the 
type of A r \ 

A. By symmetry from the case AB above. 

B. Here .V ~ N' fellows from whichever of VI, VII, VIII proves M ~ AT and 
the result is immediate using either (a) n - 2 or (6)„- 2 . 

C. Here VL l n - ^ 7m+n fo r c -"table L', a clear contradiction. 

D. Here VL'I n - a V'L'r m+m for suitable F', L', a contradiction as m > 0. 

E. Here KL7„ = V, for suitable 7^+„, a contradiction. 

C. D, E. If N ~ AT does not follows from V, the result follows by symmetry. 
Otherwise, M = (Mj Af 2 ), and the last step in the proof of M ~ Af has the form : 

M x ~ M[ M 2 ~ M' 2 

(M l M 2 ) ~ Ix(Ml| Aa«A/» 

and similarly for N. 

Then Af; /„ = M[\Qa «M; /„) and iV; £ = ATi|(Aaa.V 2 O and so by hypothesis. 
Ml = a N[ and AaaAf 2 /„ = J.mN 2 I' n . Then by hypothesis. Af, = so A/ = a iV, 
and / n = I' n concluding this part of the proof. 

Finally, suppose M'\I n = M'I„ and N'\I„ = N'I' n . Then /„ = J' n is immediate 
and A/' =• So Af' ; h = «JV"; « and by the previous part of the proof, M = a iV. 

it only remains to consider the possibility that one of M ~ M' or N ~ N' followii 



158 



G. D. PLOTKIN 



from X. Suppose, wJLo.g. that M ~ M 9 does and so M* = AxM[ x where M ~ M' v 
JfM'W » M';I n the result follows by the induction hypothesis. Otherwise, if N'\r n » 
(NX) then /„ = and M' = a N*. Therefore M[x - M'\x = and so, by 

induction hypothesis, Af = So the remaining case is M'\I n = M'I n and « 
== N' ; /£. Inspection of the various types rules them all out leaving only the possibility 
that N ~ N' follows by X which is handled by the induction hypothesis, concluding 
the proof. 

Lemma 11. Suppose M ~ M' and N' is obtained from M f by contracting one /f- or 
S-redex. Then for some L either M ~ 1* = JNP or else N ~ L ~ a N\ where N is ob- 
tained from M by contracting one p-redex, or 5-redex. The lame statement holds with ~ 
replaced by £ . 

We omit the proof which is a straightforward induction on the number of steps 
in :he proof of M ~ M\ or M £ M'. 

Proof of Theorem 6. It is straightforward to prove that An V M = N implies 
xf \»M = 2Vfrom which it follow* immediately that Ak' I- MI « NI and An" b 
b M « N and then that X% V MI — NI. 

Conversely suppose An V MI = NI. Then there is a term Z such that A N b 

V MI > Z and An' V NI > Z. As M A MI, by Lemma 11 there is a term M x 

such that An V M ^ M t and M t £ M[ = a Z for some term M[. Similarly, there 

are terms M 2 and M 2 such that A N Y N 2* M 2 and M :l £ M' 2 = ff Z. By Lemma 10, 

= (R M 2 . Therefore A* I- jlf = JV concluding the proof 
A rather more complex simulation of call-by-name by call-by-value works in the 
general case where the constants are not divided up into basic and functional ones. 
It results from the following mappirg M h» M 

a » Axx (AnnKa) 
x = x 

AxM= Axx {Ann (KI) (XxM)) 

MN = AkM (Aa (a (KI)) ((xK) (AS (NI) (KI)) (A5N) I) x)) 

where K = AxAyx and / = Axx. 
We have only checked the analogues of Theorems 4 and 5. 
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